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The evolution of two coupled mini-bands, generated by alternating barrier widths dimerization
of a superlattice, driven by intense AC fields is investigated. The present model delivers a useful
framework for the transition between the analytical high frequency regime and the extreme low
frequency limit described by models based on Fukuyama’s et al. (Phys. Rev. B 8, 5579 (1973))
proposal.
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The behaviour of semiconductor superlattices (SL)s
driven by intense AC fields has been a subject of growing
interest in the last few years1–5. The theoretical predic-
tion of isolated mini-band collapses2, the effect of the
AC field on multi-mini-bands and on disordered SLs6–9
are among the interesting problems studied. Multi-mini-
bands systems may be reduced to a simpler one, without
loss of the main features, with the suggestion of two al-
most symmetric mini-bands obtained by a dimerization
process on a SL6. This dimerized SL can be produced
by an alternated sequence of, (1), two quantum wells, or,
(2), two barriers, of different widths, keeping the barrier
or quantum well (QW) widths constant for (1) and (2),
respectively.
These two almost symmetric mini-bands may be
strongly coupled by a AC field, whereas remaining iso-
lated from other higher electronic mini-bands. Initially
suggested and discussed by Hone and Holthaus6, the ef-
fect of AC field on dimerized SLs of alternated quantum
wells has been systematically studied, either analytically
in a high frequency limit11 or numerically for a wide range
of field frequencies12,13.
On the other hand, SLs with alternated barriers have
been studied for a limited parameter range14–16. More
general models5,9,10, based on Fukuyama’s et al. model19
combine characteristics of both dimerization procedures
and show an involved behaviour respect to the field fre-
quency with no clear distinction of different dynamic lo-
calization regimes. Our results suggest that these general
models should be carefully considered because of the as-
sumptions respect the SL coupling with the field.
In the present work, we show that SLs with alternated
barrier widths show a more complex behaviour of the
quasi-energy spectra as a function of field intensity com-
pared to SLs with alternating well widths. Our results
are based on a heuristic model with its validity investi-
gated by comparison with previous results that take into
account explicitly a SL potential profile.
In general there are two different mini-band collapse
regimes: isolated mini-band-like and dimer-like collapses.
Also, we establish three effective hopping parameter
ranges for the two level systems that show the Stark
shift evolution of the SL mini-bands. Due to the va-
riety of parameters involved, only a partial picture of
the competition between isolated mini-band behaviour
and dynamic localization due to mini-band interactions
may be sketched for dimerized SL with alternating bar-
rier widths.
We assume a two-mini-band model in the presence
of a strong AC electric field, within a tight-binding
framework, emulating the dimerized SL by alternated
barriers6. A linear chain is considered for this SL, where
each single “atomic” s-like site orbital is associated to
one quantized energy level of a QW. The hopping pa-
rameters describe the coupling between the QW levels
through the SL barriers. The applied AC fields are par-
allel to the chain. Hence, our model is described by the
Hamiltonian H = Ho +Hint, considering nearest neigh-
bour interaction only:
Ho =
∑
ℓ
Eℓ|ℓ >< ℓ|+
1
2
∑
ℓ
{[
V1
(−1)ℓ + 1
2
+ V2
(−1)ℓ+1 + 1
2
]
|ℓ >< ℓ+ 1|
[
V1
(−1)ℓ+1 + 1
2
+ V2
(−1)ℓ + 1
2
]
|ℓ+ 1 >< ℓ|
}
(1)
Hint = eaF cosωt
∑
ℓ
|ℓ > ℓ < ℓ| (2)
where Eℓ is the s orbital energy and ℓ is the index site; ω
and F are the AC field frequency and amplitude, respec-
tively. a is the chain lattice parameter, e is the electron
charge. V1 e V2 are hopping parameters that alternate
along the chain. The treatment of the time-dependent
problem is based on Floquet states |ℓ,m > where m is
the photon index. We follow the procedure first devel-
oped by Shirley17 which consists in the transformation of
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the time-dependent Hamiltonian into a time-independent
infinite matrix which must be truncated. The matrix el-
ements are:
[(E −mh¯ω − Eℓ)δℓ′ℓ−
[
V1
(−1)ℓ + 1
2
+ V2
(−1)ℓ+1 + 1
2
]
δℓ′,ℓ−1
[
V1
(−1)ℓ+1 + 1
2
+ V2
(−1)ℓ + 1
2
]
δℓ′,ℓ+1]×
δm′m = F
′ℓδℓ′ℓ(δm′,m−1 + δm′,m+1) (3)
where F ′ = 1
2
eaF . The dimension of the matrix is
L(2M+1), where L is the number of “atomic” sites, while
M is the maximum photon index. We chooseM in order
to satisfy a convergence condition: symmetric spectra rel-
ative to the Quasi Brillouin Zones (QBZs) edges18. The
first QBZ is spanned in the range −h¯ω/2 ≤ E ≤ h¯ω/2 ,
where E represents the eigenvalues of the Floquet matrix,
also called as quasi energy.
In what follows, we show the quasi-energy spectra as
a function of the electric field intensity, in units of po-
tential drop in through a chain lattice parameter, eaF .
We consider AC external fields with wavelengths that
are many times longer than the length of the SL and
are linearly polarized along the SL growth direction. We
choose to keep the frequency field constant (h¯ω = 0.5
meV, corresponding to ν ≃ 0.1 THz) along the present
analysis, while “tuning” the SL parameters (varying the
bare mini-band gap E0g = 2|V1 − V2|, while Eℓ = 0 meV
fixed for all ℓ sites). This procedure reveals to be very
useful for a clear identification of different dynamic local-
ization regimes, for a wide frequency range (E0g/h¯ω ≪ 1
to E0g/h¯ω ≫ 1), because of the wide possibilities for in-
dependent tight-binding parameters variation. Our cal-
culations consider, in all cases, L = 12 sites and M = 80
photons. The hopping parameters are given for each case,
in the corresponding figure.
Depending on the tight-binding parameters, that de-
termine the bare electronic structure, there are qualita-
tively different behaviours of the dressed states with in-
creasing AC field intensity. First, a distinction is given
by the bare mini-band width, ∆0, to field frequency ra-
tio: ∆0/h¯ω < 1 and ∆0/h¯ω > 1 situations are illustrated
in parts (a) and (b), respectively, for figures (2-6). A sec-
ond important feature is the mini-band gap to frequency
ratio and the figures cover examples across the whole
range from E0g/h¯ω ≪ 1 to E
0
g/h¯ω ≫ 1. We also will see
that the Stark shift drives to resonances between mini-
band replicas, leading to an interesting interplay between
inter-mini-band and intra-mini-band couplings due to the
AC field for ∆0/h¯ω > 1. Indeed, in this situation and for
low field intensities intra-mini-band coupling is dominant
leading to strong anti-crossings at the QBZ edges, as can
be observed in figures (2-6). For high field intensities
one could look for effective two level systems in order to
describe the Stark shift. One of the main questions to
be answered concerns the identification and evolution of
isolated mini-band behaviour in SL with barrier width
dimerization, having in mind the well width dimerized
SLs12,13, for which no isolated mini-band behaviour oc-
curs for field intensities above the dynamic breakdown.
In the high frequency regime, E0g/h¯ω ≪ 1 and in
∆0/h¯ω < 1 situation, the dressed mini-bands resembles
the results of an analytical solution given by Bao16, re-
formulated as:
E = ±
√
(V 21 + V
2
2 )− 2V1V2 cos(kza)
∣∣∣∣Jo
(
eaF
h¯ω
)∣∣∣∣ (4)
where the mini-band gap, as a function of the field in-
tensity, is defined by Eg = 2|V1 − V2|J0(eaF/h¯ω). The
mini-band width is given by ∆ = 2V1J0(eaF/h¯ω), for
|V2| > |V1|; and ∆ = 2V2J0(eaF/h¯ω), for |V1| > |V2|.
On the other hand, in ∆0/h¯ω > 1 situation, the coupling
of the dressed mini-bands is strong for low field inten-
sities and this is not predicted by Eq.(4); only for high
field intensities, the evolution of dressed mini-bands is
expressed by this. For the regime, E0g/h¯ω < 1 and in
∆0/h¯ω < 1 situation, the behaviour based in Eq.(4) also
is observed, as can be clearly identified in the numerical
results shown in Fig.(1).
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FIG. 1. Quasi energy spectra for dimerized SLs (dots)
and dimers (white dots) for ∆0/h¯ω < 1 in both cases:
(a) V1 = 0.15, V2 = 0.075, ∆
0 = 0.15, E0g = 0.15 meV
and E0g/h¯ω = 0.3, Veff = 0.075 meV. (b) V1 = 0.30 e
V2 = 0.075, ∆
0 = 0.15, E0g = 0.45 meV and E
0
g/h¯ω = 0.9,
Veff = 0.225 meV.
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A further remark concerns to dependence of the sur-
face states relative to the hopping parameters ratio. For
|V2| > |V1|, the surface states merge into the mini-bands,
while for |V1| > |V2| two “deep” surface states appear,
independently from the field intensity, as show in Fig.1.
In this regime, and for E0g/h¯ω ≪ 1, no signatures of
isolated mini-bands are identified; but it should be no-
ticed that a mini-band collapse mechanism is given by the
mini-band width modulation according to J0(eaF/h¯ω),
associated to the mini-gap collapses, Eg = 0 . For larger
E0g , isolated mini-band like collapses start to be identi-
fied, while the dynamic localization mechanism of inter-
acting mini-band replicas can be described by two level
systems with an effective hopping parameter, Veff. We
will call such two level system as an effective dimer. The
spectra of the effective dimer is also shown in Fig.1 (open
circles). Here Veff = |V2 − V1|, as expected from the an-
alytical result for Eg, derived from Eq.(4).
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FIG. 2. Quasi energy spectra for dimerized SLs (dots)
and dimers (white dots) (a) V1 = 0.15, V2 = 0.325,
∆0 = 0.30, E0g = 0.35 meV and E
0
g/h¯ω = 0.7,
Veff = 0.175 meV. (b) V1 = 0.30 e V2 = 0.475, ∆
0 = 0.60,
E0g = 0.35 meV and E
0
g/h¯ω = 0.7, Veff = 0.175 meV.
Fig.2 show quasi energy spectra for SLs with E0g and
∆0 of the same order of those in Fig.1. Nevertheless, the
spectra are quite different, markedly at low field intensi-
ties. The important difference is related to the role of the
surface states, merged in the mini-bands in the spectra
of Fig.2. The Stark shift of the mini-bands, however, is
still well described by the same class of effective dimer
for high field intensities. Although derived from a high
frequency limit, the effective dimer describes the Stark
shift and consequent crossing and anti-crossings of the
mini-bands for the relatively wide E0g/h¯ω ≤ 1 range.
For lower frequencies, i.e., E0g/h¯ω ∼ 1, the modu-
lation of the mini-band width and the mini-band gap
do not resemble anymore the simple analytical model of
Eq.(4). In fact, dimer-like dynamic localization occurs
for 1 < E0g/h¯ω < 2, irrespective to the ∆
0/h¯ω ratio.
But, the Stark shift can not be described by an effective
dimer for a wide field intensity range. The resonances
of mini-band replicas induced by Stark shift may be fit-
ted with an effective hopping parameter, which evolves
from |V2 − V1| to V2. An example of this evolution is
show in Fig.3, where spectra of corresponding two level
systems are not shown. Here, quasi energy spectra for
SLs with 1 < E0g/h¯ω < 2 and ∆
0/h¯ω < 1, Fig.3.a, and
∆0/h¯ω > 1, Fig.3.b, are depicted. For this frequency
range signatures of isolated-like mini-band collapses are
already seen, although such behaviour becomes clearer
for even lower frequencies as will be seen below.
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FIG. 3. Quasi energy spectra for dimerized SLs (dots)
and dimers (white dots) (a) V1 = 0.15, V2 = 0.525,
∆0 = 0.30, E0g = 0.75 meV and E
0
g/h¯ω = 1.5,
Veff = |V2 − V1| −→ V2. (b) V1 = 0.30 e V2 = 0.75,
∆0 = 0.60, E0g = 0.90 meV and E
0
g/h¯ω = 1.8,
Veff = |V2 − V1| −→ V2.
Fig.3.a delivers a further important information con-
cerning the validity of our model, when compared to
Fig.3 from reference20, where the energy gap at zero field
is 1.7 meV and the photon energy 1 meV: both spectra
are similar and belongs to the same parameter range.
This comparison confirms that our heuristic model de-
scribes very well the main features of the spectra of a
3
dimerized SL driven by intense AC fields.
The description of the mini-bands Stark shift with the
consequent induced crossings and anti-crossing by an ef-
fective dimer becomes feasible again for even lower fre-
quencies, i.e., 2 ≤ E0g/h¯ω, but now the effective dimer is
given by Veff = V2. Two examples of this situation are
illustrated in Fig.4, where the multi-photon resonances
are well described by resonances in the effective dimer
spectra. Concerning the comparison of SLs to the cor-
responding two level systems, the dimer-like collapses of
these mini-bands are observed and associated to the reso-
nances of dimers with effective hooping parameters given
by:
Veff =


|V2 − V1| for E
0
g/h¯ω ≤ 1
|V2 − V1| −→ V2 for 1 < E
0
g/h¯ω < 2
V2 for 2 ≤ E
0
g/h¯ω
(5)
The isolated mini-band behaviour with the associated
dynamic localization for field intensities corresponding
to zeros of J0(e2aF/h¯ω) can be clearly identified in the
spectrum shown in Fig.4(a). The mini-band collapse for
eaF ≈ 0.6 meV corresponds to the fist root of the zero or-
der Bessel function taking into account the period of the
SL, 2a. Signatures of further isolated-like mini-band col-
lapses for higher field intensities are barely identified in
this case. However, increasing further E0g/h¯ω, clear iso-
lated mini-band behaviour may be seen up to very high
field intensities, irrespective to the presence of mini-band
resonances, as can be seen in Figs.5 and 6.
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FIG. 4. Quasi energy spectra for dimerized SLs (dots)
and dimers (white dots) (a) V1 = 0.15, V2 = 0.90,
∆0 = 0.30, E0g = 1.50 meV and E
0
g/h¯ω = 3.0, Veff = 0.90
meV. (b) V1 = 0.30 e V2 = 0.90, ∆
0 = 0.60, E0g = 1.20
meV and E0g/h¯ω = 2.40, Veff = 0.90 meV.
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FIG. 5. Quasi energy spectra for dimerized SLs (dots)
and dimers (white dots) (a) V1 = 0.15, V2 = 2.93,
∆0 = 0.30, E0g = 5.56 meV and E
0
g/h¯ω = 11.12,
Veff = 2.93 meV. (b) V1 = 0.30 e V2 = 2.93, ∆
0 = 0.60,
E0g = 5.26 meV and E
0
g/h¯ω = 10.52, Veff = 2.93 meV.
In the low frequency range, together with a high V2/V1
ratio, depicted in Figs.5 and 6, one has the limit of the
Stark shift and related mini-band resonances well de-
scribed by a system of two levels with an interaction
described by the hopping parameter V2. Less intense
inter-dimer interaction, essentially described by the hop-
ping parameter V1, leads to a relatively small mini-band
dispersion. In this limit the mini-band dispersion is not
affected by mini-band interactions except for field intensi-
ties very close to multi-photon resonances. Nevertheless,
strong mini-band interaction can be seen for eaF ≈ 4
meV for a relatively wide mini-band case, Fig.5. Impor-
tant, however, is that the isolated mini-band behaviour
is recovered by further increasing the field intensity up
to values for which a new multi-photon resonance occur
at eaF ≈ 5.5 meV. Such recovering of isolated mini-band
behaviour for field intensities beyond a strong mini-band
interaction does not occur with SL dimerized by alter-
nating well widths13. The main difference lies on the fact
that in the alternating well width case E0g is mainly de-
termined by the quantum well states. For field intensities
that exceed the quantum well levels separation in energy
a not recoverable breakdown occurs. In the present case
of alternating barrier width, the bare mini-gap is given by
the difference between hopping parameters and the mini-
band dispersion determined by the smaller one. Hence,
4
the mini-band dispersion may be seen as a perturbation
of the effective dimer and the breakdown is recoverable
with further increasing of the field intensity.
For E0g/h¯ω ≫ 1, the interaction between mini-bands is
negligible for the field intensities shown in Fig.6. Actu-
ally, the avoided crossings are not resolved in the spectra,
because the associated multi-photon resonances are for a
very high photon number. Therefore, no dynamic break-
down is observed and the isolated mini-band character is
preserved beyond such mini-band interactions.
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FIG. 6. Quasi energy spectra for dimerized SLs (dots)
and dimers (white dots) (a) V1 = 0.15, V2 = 4.83,
∆0 = 0.30, E0g = 9.36 meV and E
0
g/h¯ω = 18.72,
Veff = 0.90 meV. (b) V1 = 0.30 e V2 = 4.83, ∆
0 = 0.60,
E0g = 9.06 meV and E
0
g/h¯ω = 18.12, Veff = 0.9 meV.
In conclusion, we propose a tight-binding model for
SLs dimerized by alternating barrier widths. Our model,
although heuristic, takes into account explicitly the bar-
rier widths alternation in the proper hopping parameters.
The heuristic character is only related to the construc-
tion of the bare SL. Within this framework, no further
assumptions on the coupling of the SL with the AC field
are made. The numerical results show that the model
is appropriate irrespective to the E0g/h¯ω ratio. One of
the main findings of the present work is the inspection of
the validity range of the analytical high frequency limit,
as well of the models based on Fukuyama et al.19, ap-
propriate only for E0g/h¯ω ≫ 1 and do not reproduce the
high frequency limit. Furthermore, the present work elu-
cidates the important differences between the dimeriza-
tion by alternating barrier widths and by alternating well
widths13. For dimerization by alternating well widths, a
clear breakdown is identified, while for the situation il-
lustrated in Fig.6, alternating very thin with relatively
thick barriers, the isolated mini-band behaviour may be
periodically recovered as a function of increasing field in-
tensity.
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